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Solving the flow field

T after 3784 Myrs
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- Rayleigh-Bénard convection
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Force balance: the Stokes equation (1)

1Sum of forces equals O:
ddifference in o;; over block
Jbody force F;

Jtotal force =0
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Force balance: the Stokes equation (1)

ZZ
Ixz
OZXT I 1 O,
— —
GXX FZ OXX
—
O.
Jinxdir: 9%, 9% _g . 9xz
0x 0z ZZ
4 in z-dir.: aO’ZZ + aO'ZX +F =0
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Force balance: the Stokes equation (2)

Total stress o
~ ~
o=17-P deformation part| <+ |motion part

1

‘deviatoric’ stress t

1

T =2néE deformation € x viscosity n

1 ,

¢=3Vu  |velocity gradients x n | + | pressure P




Force balance: the Stokes equation (3)

o, 00 -
xx+ XZ=O
0X 0z v ﬁ 0
- VOo+r, =
aUZZ+GOZX+FZ=O z
0z 0x ]
Using: l
O=17-P V:t-VP+F =0
T=2mé |2V-(yé)-VP+F =0

£€=2Vu
77 constant

SUBITOP S

|

anv—VPHEZ =0 —

L

n

—

|

2
07V,

2
07V,

ox*

2
07V,

+

0z*

2
07V,

ox*

+

0z*

|

oP
}=o
ox
—£+FZ =0
0z



3-9 April, 2017, Edinburgh University Session 4 of Introduction to numerical modelling

Force balance: the Stokes equation (4)

2 In X- and z-direction:
n/azvx . 0°v,\ OP 0
\ ox* 0z* 0x
2 2
P
77(8‘}22+a‘;Z _a_+FZ=O
\ 0x 0z 0z
So we have:

- 2 equations

- 3 unknowns: > additional constraint required
pressure P

dvelocities v, & v, y
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Mass conservation (continuity equation)

Net in/outflow = 0

Az(v )+ Ax(v =0

X, in x out <, in < OI/tt)

V.. —V V.. =V v in

X,in x,out z,in zZ,out _ O

v, out
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Set of governing equations for mantle

convection
Conservation of:
/a2VX+azvx P,
momentum: ’7\ PRERL oy
/82v2+82vz —E—a ST
77\ ox>  9z* | oz poig
mass: W, Vg
ox 0z _
| oT 0°T 0°T oT oT
ot 0x 0z ox 0z

SUBITOP®




3-9 April, 2017, Edinburgh University Session 4 of Introduction to numerical modelling

Scaling and the Rayleigh number Ra

: : h
Scaling parameters with: x =x'k, t=t'?, T =T'AT
. . 'K 'nK
from which can be derived: v=v—-. P=P I

- momentum:

] mass:

1 heat:
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Scaling and the Rayleigh number Ra

: : h
Scaling parameters with: x=x'h, t = t';, T =T'AT

. . 'K ' K
from which can be derived; v=" 7 P=P Z—z

3%V . 3%V P 0
momentum: | ax?  9z" ox'
2.0 2.0 '
8v22+8 vzz —£=RaT'
ox' oz’ oz’ X
' ' a, ATh
mass: W, V. g with: Ra = 2F%
ox' 0z’ oK
heat: or' 9°T' 9T oI  oT"

' 2 + 2 Vx ' z '
ot 0x 0z ox 0z
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Scaling and the Rayleigh number Ra
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Analogue convection modelling
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Solving Stokes + continuity equations

2 2
1 av2x+av2x —£=O
0x 07 0x
2 2
avzz+avzZ —£=RaT
ox~ 0z 07
0 0
3 Vx+ VZ=O




Solving the Stokes equations

Just like solving 2 equations with 2 unknowns:

Sxedy=19 (; ;‘)(’“%(13) > Ax=bh

2x+2y =10 y
We can solve the 3 * nx * nz ﬂoyv equations as follows:
Pl

v, 0

P’ 0
<6/:9@ V2 — 0 — g
’779/ " |7| Rar > Ax=b

7% v 0
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Calculating observables

Surface heat flow:

=_kd_T z—k i,

qsurf dZ
z=0

Free-slip surface ‘topography’:

h=_ 2z — __ _

z=0

~ 2ne_-P

Apg

z=0



Surface topography

OZZ

Free-slip surface ‘topography’: h=-
Simple to calculate Apg|._,
Instantaneous topography
Only works well over smooth surfaces, relatively long wavelengths

Real surface topography:
Allow surface nodes to move vertically and measure topography
Needs stabilisation of interface”*

‘Sticky-air’ topography:
Create a non-diffusive interface with weak, light material on top of
solid Earth
weak layer viscosity ~ 108 — 10" Pa s
Needs tracking and stabilisation of interface*

Understanding subduction zone topography

through modelling of coupled shallow and deep processes *(Kaus et al . 20 1 O, And réS-Martin eZ et al . 20 1 5)
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Practical 4:

-1 Build a Releigh-Benard convection solver:
1 Convert a provided Stokes solver into a subfuction

2 Modify your advection-diffusion solver to incorporate this
Stokes solver

- Calculate derived quantities
like topography.

T after 3784 Myrs

1.0

https://community.dur.ac.uk/jeroen.van-hunen/Subitop/session4.html
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Extra: Staggered grids

// ’Understanding subduction zone topography
through modelling of coupled shallow and deep processes

SUBITOP



3-9 April, 2017, Edinburgh University Session 4 of Introduction to numerical modelling

Staggered grids: Stokes-x equation

v, N 0'v, | 9P

ox> 9z° ) Ox

+ Vx,left + vx,top - 2V

2Vx,centml TV

Ax* Az*

x,central x,bottom

Pressure gradient discretisation
not centred around central v, point
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Staggered grids: Stokes-x equation

v, N 0'v, | 9P

ox> 9z° ) Ox

+ Vx,left + vx,top - 2V

2Vx,centml TV

Ax* Az*

x,central x,bottom

Pressure gradient discretisation
not centred around central v, point
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Staggered grids: Stokes-x equation

2 2
avua v, | _oF

x> 97

+ Vx,left + vx,top - 2V

2Vx,centml + vx,bottom })right - })left

Ax’ Az’ Ax

x,central

Pressure gradient discretisation
IS centred around central v, point,

but is not a grid point
SUBITOP
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Staggered grids: Stokes-z equation

0%V 82\/ oP
2 . 21 + 2 ——=RaT
0x” 0z 0z
F}Z,right - 2Vz,ce1;tral + Vz,right + Vz,bottom -2 Vz,czentral t VZ,IOP ﬁ;ottom _ })toz) = Raz—;emm
L Ax Az L Az J

Pressure gradient discretisation
IS centred around central v, point,

but is not a grld point
SUBITOP A
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Staggered grids: continuity equation
3.

V

Both velocity gradients not centred
around a common point
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Staggered grids

F}x,right - 2Vx,central + Vx,left + Vx,top - 2Vx central + Vx botton) (rlght lef) O

L Ax* AZ’ ) L Ax
N[
Vz,right - 2 Vz,central + vz,right + Vz,bottom - 2Vz,central + vz,top bottom ~ top| _ rlght left
Ax’ A7’ Az )

x Jright x lefn F/Z bottom z Jfop | _ O

Lo J

On this staggered grid, these
problems disappear

T |lv. ||v. ||P

z X

Understanding subductio ne topography
UBIT P through modelling of co pld shallow and deep pro
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Staggered grids: Stokes-x equatior

F}x,right - 2Vx,centml + Vx,left + Vx,top — 2Vx,central + Vx,botton) _[?-)right - I)left
2 2
L Ax Az J L Ax )

v +v v +v P

z,right - z,central z,right z,bottom

2v -2v
2 t 2
Ax Az Az 2

z,central z,top P bottom ~ top _ R a 7—;"ighz‘ + T;eft

V..o =V 1% -V
x,right x,left z,bottom z,to
8 L P —()

Ax Az

Pressure gradient discretisation
IS centred around central v, point.
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Staggered grids: Stokes-z equation

2v P P

+Vx,b0tt0m __ T right — L eft _ O

Ax’ Az Ax
a

v

x,central x,central

x,right — + Vx,left + vx,top - 2V

T

right + T;eft

2

Ax? ¥ Az’ Az
VAN _/

N\ [ N
Vz,right - 2 Vz,central + Vz,right Vz,bottom - 2Vz,central + vz,top P bottom Ptop _

V..o =V 1% -V
x,right x,left z,bottom z,to
8 L P —()

Ax Az

Pressure gradient discretisation
IS centred around central v, point.
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Staggered grids: continuity equation

Vx,right - 2Vx,centml + Vx,left + vx,top — 2Vx,central + Vx,bottom _ I-)right - I)left _ O
2 2 -
Ax Az Ax
Vz,right - 2 Vz,central + Vz,right + Vz,bottom - 2Vz,central + Vz,top _ P bottom ~ Ptop _ R a 7—;"ighz‘ + T;eft
Ax* Az Az 2

ﬁ/x,righl‘ - vx,lefn_l_ﬁjz,bottom B Vz,top = O

& ) A

Both velocity gradients are centred
around a common point
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Staggered grids: using ghost points

T \v. ||v. ||P

Adding ghost points to allow for
natural boundary conditions.
P,v . andv..

But remember, these are no real
points, and values are copied
from internal points.

i ubduction zone topography
odelling of coupled shallow and deep processes




Staggered grids: adding unused points

T \v. ||v. ||P

z X

O O O O

relate
Adding unused points to make
nr of grid points the same for uuu

O
P,v . andv..
So nothing will be solved there,
but these make the system nicely O uuu
Structured.

O O O

O
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Staggered grids: numbering grid points

T v %

P

Continuity 1
Stokes-x 1
Stokes-z 1
Continuity 2
Stokes-x 2
Stokes-z 2

NOoOGkowN~
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